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Abstract 

In this paper we attack the problem of the classification, up to analytic 
isomorphism, of Artinian Gorenstein local £;-algebras with a given Hilbert 
Function. We solve the problem in the case the square of the maximal ideal 
is minimally generated by two elements and the socle degree is high enough. 



1 Introduction. 

A longstanding problem in Commutative Algebra is the classification of Artin al- 
gebras. We know that there exists a finite number of isomorphism classes of Artin 
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algebras of multiplicity at most 6, however, if the multiplicity is at least 7 there are 
examples with infinitely many isomorphism classes, see [3] and [I] and their refer- 
ence lists for more results on the classification problem. The aim of this paper is to 
classify the family of almost stretched Gorenstein Artin algebras. 

In [6] a local Artinian ring (A, m) is said to be stretched if the square of the 
maximal ideal m of A is a principal ideal. In that paper J. Sally gave a nice struc- 
ture theorem for stretched Gorenstein local rings. Other interesting properties of 
stretched m-primary ideals can be found in [5] . Sally's result has been considerably 
extended in [2], where the notion of almost stretched local rings has been introduced. 
A local Artinian ring (A, m) is said to be almost stretched if the minimal number 
of generators of m 2 is two. 

We know from the classical Theorem of Macaulay, concerning the possible Hilbert 
functions of standard graded algebras, that the Hilbert function of an almost stretched 
Gorenstein local ring A has the following shape (1, h, 2, 2, 1, 1), which means 

3 = 0, 

J = l, 
2<j<t, 
t + 1 < j < s, 

for integers s and t such that s > t + 1 > 3 and h > 2. If an algebra has this Hilbert 
Function we say that it is of type (s,t). 

In [2] we gave a useful structure theorem for almost stretched Gorenstein local 
rings in the embedded case, namely when A = R/I with (R, n) a regular local ring 
of dimension h such that k := R/n is algebraically closed of characteristic 0. 

The result reads as follows. Let / be an ideal of R; then A := R/I is almost 
stretched and Gorenstein of type (s, t) if and only if there exists a minimal basis 
yi,...,yh of n and an element b 6 R, such that the ideal I is generated by the 
following (Z\ + h — 1 elements: 

UiUj, with 1 < i < j < h, ^ (1,2), 

Uj — y{ with 3 < j < h, 

In this paper, we assume R to be a power series ring of dimension h over an 
algebraically closed field k and we fix the integers s,t such that s > t + 1 > 3. We 
attack the problem of classifying, up to analytic isomorphism, the family of almost 
stretched Gorenstein Algebras A = R/I of type (s,t). We solve the problem in the 
case the socle degree is large enough with respect to t, namely when s > 2t, see 
Theorem 14.31 

It turns out that for generic s and t we have exactly t isomorphism classes 
of Gorenstein almost stretched algebras. But if there exists an integer r with the 
properties < r < t — 2 and 2(r+l) = s — t+1, then one dimensional families of non 
isomorphic models arise. Notice that, as a particular case, we prove the existence of 
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a codimension two complete intersection algebra of length 10 with infinitely many 
isomorphism classes. 

Suitable examples at the end of the paper show that the case s < 2t — 1 is far 
away from a solution. 

2 The models. 

Through the paper we are assuming that the basic field k is an algebraically closed 
field of characteristic zero. 

We will also freely use the following result which is a straightforward application 
of Hensel lemma. 

Proposition 2.1. Let f = f(x\, . . . , x n ) G k[[xx, . . . ,x n ]] be an invertible formal 
power series with /(0, . . . , 0) = Oq ^ 0. If there exists a G k such that ct> = a Q , then 
there exists g G R such that gi = f and g(0, . . . , 0) = a. 

Let R = k[[x\, . . . , Xh]} be the formal power series ring and n its maximal ideal. 
Given a set of generators y = {yi, . . . , yh} of tt, we let ip y be the automorphism of R 
which is the result of substituting yi for Xi in a power series f(x\,..., Xh) G R. It is 
well known that given two ideals / and J in R there exists a /c-algebras isomorphism 

a: R/I -f R/J 

if and only if for some generators {y%, . . . , yh} of n we have / = (p y {J)- 

By abuse of notation, we will often say that / is isomorphic to J and we will 

write / ~ J, with the meaning that R/I is isomorphic to R/J. 

As we explained above, an ideal I of R is almost stretched and Gorenstein of 

type (s,t) if and only if for suitable formal power series yi, . . . , yh, b G R we have 

n = (yi, ■■■,yh) and 

i = ( ViVj , Vj - vl, vl - bym - vV t+1 , y\vz)- 

l<i<j<h 3<j<h 
(».J)^(1,2) 

If we let a := a(x\, . . . , Xh) be the formal power series such that a(yi, . . . , yh) = b, 
we get I = (p y (I a ) where 

l<i<j<h 3<j<h 

(i.j)^(l,2) 

Hence we can rephrase the main result in [2] as follows. An ideal / of R is almost 
stretched and Gorenstein of type {s,t) if and only if it is isomorphic to I a for some 
a G R. 
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This implies that, in order to get a classification of the almost stretched Goren- 
stein Algebras A — R/Ioi type (s,t), we need to classify the algebras A = R/I a 
when a is running in R. 

We will see that the order of the power series a(x\, 0, . . . , 0) plays a central role 
in the classification problem. Hence, first we study the case a(x\, 0, . . . , 0) =0. 

Given the integer p > and the power series z e R, we introduce the ideal I p>z 
which is generated as follows: 

l<i<j</i 3<j'<ft 
(i,j)#(l,2) 

These ideals will be crucial in the rest of the paper. 



Proposition 2.2. // a(xi, 0, . . . , 0) = 0, then 
Proof. First we remark that 

( ry ry T*^ ry^ ry ^ / y» ^ />"■ / '-' I - 1 . ^ ,>-» \ />■ /-j > / y» ^ />-» ^ /->< ^ /->"< '-' I - 1 ,->-. ^ />-» A 

£ 1,1 — \ i J ' j* 1 J 2 i-C .X 2 i.ty ^ j.x^tX^y — y <Xj j^Jb j , j 1? 2 1 "i \" u Zi ) 

l<i<j<h 3<j<h l<i<j<h 3<j<h 

(ij)#(l,2) (»J)^(1,2) 

If a(xi, 0, . . . , 0) = 0, we have a = Sf=2 with 6j 6 i?, so that 



axi^2— £i t+1 = xix 2 (^2 biXi)— x\ t+1 = 2^(1— b 2 x\)~ ^1X2(^2 b 



iXi) x^ 



i=2 i=3 



By Proposition 12. II we can find a power series v G R such that v 2 = 1 — b 2 x\. Then 
f ^ n and we have 

I a := ( XjXj , x 2 - x s v (x 2 v) 2 - x[~ t+1 , x\(x 2 v)) = 

l<i<j<h 3<j<h 

(ij)^(l,2) 

= (x 2 vxj , XiXj , x 2 - x\ , (x 2 v ) 2 - , a4 (a; 2 f ) ) • 

3<j<h l<i<j<h 3<j<h 
( l ,j)^(l,2),i=^2 

If we consider the change of variables 
then we have n = (yx, . . . , yh) and 



Xj if j 2 
v x 2 if j = 2 



^ = ( yiVj , ?/| - y', y\ - y\ t+1 , 2/12/2) = 

i<i<j<h 3<j<h 

(ij)^(l,2) 

The conclusion follows. □ 
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Next we study the case a(xi, 0, . . . , 0) ^ 0. 



Proposition 2.3. If a(xi, 0, . . . , 0) 7^ 0, then I a ~ J rt0 , where w is a suitable in- 
vertible power series in R and r is the order of a(x±, 0, . . . , 0) in k[[xi}}. Further, if 
s > 2t — 1, we may assume w G fc[[#i]] \ (xi). 

Proof. Since r is the order of a(xi, 0, . . . , 0) in fc[[xi]], we can write a = x\r\ + 
Y!j=2^i x j witn G R, 77 G fe[[xi]] \ (xi). We get 

ft 



x\ — ax\X 2 — x\ 1+1 = x\ — X\X2{x\r] + ^ bjX 

i=2 



j j x i 



— X2 — x-^~ x^y) — X\X%(^^ b,jX,f) — x^ — x 2 (l — ^2^1) — x-^~ x^y) — *y bjX jX\X2 — x^ . 

3=2 3=3 

If we let u :— 1 — Xi& 2 ? then u £ n and, by Proposition 12. 1[ we can find a power 
series z ^ n such that z r+1 = rj/u. Then we get 

t / 2 «? 2 r-4-1 q—./4-l / \ 

-i (2 ^ Jb'lJb y j Jb j Jb , CiJ/ ^ J- JUy^l j Jb ^ , .X 1 -j^ iiy 2 / 

l<i<j</i 3<j</i 
(i,j)*(l,2) 

/ 2 s 2 r+1 r+1 \ 1/ i \ 

^ 0j{0j j . Ob j Ob ^ . X 2 uC^Z 5 Ob^Ob^j 

l<i<j<h 3<j<h U 
(i,j)*(l,2) 

2 s 2 r+1 (XiZ) S ~ t+1 t 

= ( XjXj , Xj X-yi X 2 (^1^) 3^2 r ^^ s _iJ r \ ) ^1^2)- 



l<i<j<h 3<j<h 

(ij)#(l>2) 



By Proposition 12. II we can find a power series t E R\n such that r 2 = z s \ now we 
consider the following change of variables 



ZX\ 


if J 


= 1, 


%2 


if J 


= 2 


TXj 


if J 


= 3, 



It is clear that u = (yi, . . . , t/^); further z s (x 2 — x{) = t 2 x 2 —z s x\ = y 2 —y\ and we can 
find an invertible power series w := w(xi, . . . , Xh) such that w(yi, . . . , y^) = 



-t+i • 



Hence we get 



I a = ((zx 1 )(rXj),x 2 (TXj), (TXi)(TXj),z s (x 2 - x s 1 ),xl-( y x 1 z) r+1 x 2 1 , (2Xi)*X 2 ) 

j=3,...,h i=3,...,ft 3<j<j<h 3<7</i UZ 



( , 2/| - y{, vl - y[ +1 V2 - w(yi, y h )y[ y^ 2 ) = (fy(Ir,w)- 

l<i<j<h 3<j<h 
(i,j)#(l,2) 
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This proves I a ~ I r ,w and the first assertion. 

As for the second one, let s > 2t — 1. It is clear that wx{~ t+1 = [w(x 1 , 0, . . . , 0) + 
J2j>2 CjXj]x{ ~ t+1 = w(x\ ) 0, . . . , 0)xl~ t+1 + p where p G (xix 3 , . . . , x\x h , x s f t+l x 2 ). 
Since s — £ + 1 > t, we have Xi _<+1 x 2 G (x*X2). By replacing tu with w(xi, 0, . . . , 0) 
we get the conclusion. □ 

From the above result we need to study the isomophism classes of the ideals I riW 
where r is a non negative integer and w an invertible power series. 



Proposition 2.4. If r >t — 1 then 

I r ,w ~ h-1,1- 

Proof. If r > t — 1, then r + 1 > t and we have 



t+ ,x\x 2 ). 



3 

l<i<j<h 3<j<h 
(i,j)^(i,2) 



Let v 2 = — , so that v 4. n and 



, Xn 



Ir,w — ( XiXj ,Xj X-l,H>( X-y ), 2^-^X2) — 

l<i<i</i 3<j<h W 

(i,j)^(l,2) 

— ( X^Xj , Xj- X^, (X2f ) X^ , X-^X2) = 
l<i<j<h 3<j<h 
(i,j)^(l,2) 

= (xiXj , (x 2 f )xj, XjXj ,x^ - Xi, (x 2 w) 2 - Xi"' +1 ,Xi(x 2 v)). 

3<i</i 3<i</i 3<i<j<h 3<j<h 

We consider the following change of variables 



x, ifjV2, 
vxj if j = 2. 



It is clear that n = (yi, . . . , yn) and further 

i r ,w = ( ViVj , y) - yt, y\ - yt~ t+1 , 2/12/2) = ^(it-i.i)- 

l<i<j<h 3<j</i 

(<J)^(l,2) 

This proves the result. □ 

We can also understand the isomorphism class of the ideal I TjW in the case r is 
general enough. More precisely we have the following result. 
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Proposition 2.5. Let r > be an integer such that 2(r + 1) ^ s — t + 1. Then 

Ir,w ~ Ir,l ■ 

Proof. Let n := 2(r + 1) — (s — t + 1) and choose a power series e G i? such that 

> = 1 ifn>0 

w 

e~ n = w if n < 0. 

In both cases we have e n w = 1. Further let us choose an element t E R such that 
t 2 = e s . It is clear that both e and r are not in n. We have 

t ( 2 s 2 r+1 s— 1+1 £ \ 

*r,w — v %i<Kj 5 *Ej %2 ^1 ^2 WX-^ , X-^X2 J = 

i<i<i</i 3<i</i 

= (exi(rxj), (e r+1 x 2 )(Tx j ), r 2 XiXj , t 2 (x 2 - x[), e 2r+1 (x 2 2 -x r l +1 x 2 -wx{' t+1 ), e t+r+1 x{x 2 ), 

3<j<h 3<j<h 3<i<j<h 3<i<j<h 

Now we remark that 

r 2 [x) - x{) = (rx,) 2 - (ex 1 ) s , e t+r+1 x\x 2 = (ex 1 ) t (e r+1 x 2 ) 

(e r+1 x 2 ) 2 -(ex 1 ) r + 1 (e r+1 x 2 )-(ex i y- t+1 = e 2 ^x 2 2 -e 2 ^x r 1 +1 x 2 -e s ~ t+1 x{- t+1 = 
= e 2{r+1 \x 2 2 - x\ +1 x 2 - wx{- t+1 ) + we 2 ^x\- t+1 - e s ~ t+1 x\- t+1 = 
= e 2(r+1 \x 2 2 - x\ +1 x 2 - wx[- t+1 ) + x{- t+1 (we 2 ^ - e s - t+1 ) = 
= e 2ir+1 \x 2 2 - x\ +1 x 2 - wx\- t+1 ) + e s ~ t+1 x\- t+1 (we n - 1) = 
= e^ r+1 \x 2 2 -x\ +1 x 2 -wx\- t+1 ). 

We let 

'exi if j = 1, 
y j :=U r + 1 x 2 if j = 2 

TXj if j = 3, ...,h. 

It is then clear that n = (yi, . . . , y^) and 

ir, w = ( ViVj , y| - vl - y[ +1 y 2 - yr* +1 > y\vi) = 

l<i<j<h 3<j<h 
(i,jV(l,2) 



The result is proved. 



□ 



From the above result it becomes relevant the following notation. We say that 
the couple (s,t) is regular if it does not exist an integer r with the properties 
< r < t — 2 and 2(r + 1) = s — t + 1. It is easy to see that the couple (s, t) is not 
regular if and only if s — t is odd and s < 3t — 3. 
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For a regular couple (s, t) we have at most t isomorphism classes with models 
the ideals J 0j i, h tl , I t -x,x- 

Unfortunately it is not true, even in the case of two variables, that for a regular 
couple (s, t) the above models are pairwise non isomorphic. At the end of the paper 
we will show that if h = 2 and we consider the couple s — 5, t — 3, which corresponds 
to the Hilbert Function 1, 2, 2, 1, 1, 1, then the couple (5, 3) is regular but 

h,i = (y 2 - x 2 y - x 3 , x 3 y) ~ J 2 ,i = (y 2 ~ x 3 , x 3 y). 

In the above example we have s < 2t. Namely we will prove that, if s > 2t, then 
the ideals J 0) i, Ix,i, • • • , It-i,i are pairwise non isomorphic. 

We need now to study the ideals I r ^ w , where 2 (r + 1) = s — t + 1 and w is an 
invertible power series. We recall that, by Proposition I2.3[ when s > 2t — 1, we can 
further assume that w G fc[[^i]] \ (xi). 



Proposition 2.6. Let r > be an integer such that 2{r + 1) = s — t + 1. Further 
let w = J2i>o w i x i be an invertible power series in k[[xi]] such that w ^ w . If d is 
the order of w — Wq, then I rw 



Proof. We have w = Wo + Wdxf + . . . with Wd G k*, so that we can find a power series 
a G fc[[a;i]] such that a d = J2n>d w nXi~ d - Hence a is invertible and a d xf = w — w . As 
a consequence we can find an invertible power series (3 G fc[[^i]] such that f3 2 = a s . 
Let us consider the following change of variables 



if j 



ax\ 

a r+1 x 2 if j = 2 



if J 



h. 



For every j > 3 we have 



a s (x 2 



further 



and 



x[) = (fixj) 2 — (axi) 
a t+r+1 x\x2 = (axi) t (a r+l x 2 ) = y\y 2 



Vi, 



y 2 2-yl +1 y2-(w +y d ) y r t+1 



x 2 a 2{r+l) _ a; r+l a r+l X2a r+l _ ^^^^ 



a 



2(r+l), 



.1 n 



r+1 
X 2 X^ 



WX 



2(r+l)> 



where the last equality follows because 



a x 



w — Wo- 
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As a consequence we get that the ideal I rjW coincides with the ideal 

(axi[3xj,a r+1 X2(3xj, f3xif3x p ,a s (x^ — x{), a 2 ^ r+l \x\ — x 2 x\ +l — wxf r+1 ^), a t+r+1 x\x 2 ) - 

3<j<h 3<3<h 3<i<p<h 3<j<h 

= ( ViVj , V2Vj , ViVp , y) - y{, vl - V2y[ +1 - (w + yi)yf r+1 \y\y 2 ) = (Py(I r , W0+x f )• 

3<3<h 3<j<h 3<i<p<h 3<j<h 

This gives the conclusion. □ 
We can now improve the last result in the case d > t — r — 1. 

Proposition 2.7. Let r > and d an integer such that d > t — r — 1. Then for 
every c G k* we have I rfi+X d ~ I r>c . 

Proof. For simplicity we let r) := c + xf. Let q be a power series such that a 2 = |. 
We must have ckq = 1 so that we may choose a with the properties r/a 2 = c and 
a = 1. We have 

(ax 2 ) 2 - (ax 2 )x r 1 +1 - cx{~ t+1 = 
= o?{x\ - x\ +1 x 2 - rjx{' t+1 ) + a 2 x 2 x\ +1 + a 2 rjx\~ t+1 - ax 2 x\ +1 - cx s f t+1 = 
= a 2 {x\ - x[ +l x 2 - r)x{~ t+1 ) + ax 2 x[ +1 (a - 1). 

Now we have 

(a - \){a + l)=a 2 — 1 = — — 1 = — — g (x*f r ~ x ) 

because d > t — r — 1. Further, since c*o — 1> the power series a + 1 is invertible. 
This implies a — 1 G (:r*~ r ~ 1 ). It follows that for suitable (3 £ Rwe have 

(ai 2 ) 2 - (ax 2 )x^ +1 - ca;i~' +1 = a 2 {x\ - x\ +1 x 2 - r]x s f t+1 ) + (3x\x 2 . 

Thus we get 

I r ,ri — (x\Xj , ax 2 Xj, XiXj , x 2 — x{, a 2 (xl — x r i +1 x 2 — r]x{~ t+1 ), x\(ax 2 )) = 

3<j<h 3<j<h 3<i<j<h 3<j<h 

= (x±Xj , ax 2 Xj, XiXj ,x 2 — x{, (ax 2 ) 2 — (ax 2 )x[ +1 — cx{~ t+1 , x\{ax 2 )). 

3<j<h 3<j<h 3<i<j<h 3<j<h 



We change the variables as follows 

y 3 : = 

and we get 



xj if j ^ 2, 
ax 2 if j = 2 



ir, v = ( yiy 3 - , yj - yi, y\ - y[ +1 y2 - cy{ t+1 , y\y 2 ) = </? E (i" r , c ). 

l<i<j<h 3<j<h 
(i,j)^(l,2) 

The conclusion follows. □ 
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Collecting the results of this section, we have the following Theorem. 

Theorem 2.8. Let I be an ideal in R = k[[x\, . . . , Xh}} such that R/I is almost 
stretched and Gorenstein of type (s,t) with s > 2t — 1. 

// (s,t) is regular, then I is isomorphic to one of the following ideals: 

4,1, 4,i> • • • > -4-1,1 

// (s, t) is not regular and r is the integer such that 2(r + 1) = s — t + 1, then I 
is isomorphic to one of the following ideals: 

4,1, ■ ■ ■ , 4-1,1? {4,c}cefc*, {4,c+i--i}cefc*, • • • , {^ r ,c+x t 1 ~ r ^ 2 } cek* , 4+1,1, • • • , 4-1,1, 

with the meaning that, if r = t — 2, then the list of the possible models is 
4,i, • • • , 4-i,i, {4,c}cefc*, 4+i,i, • • • , 4-i,i- 

3 Non isomorphic models. 

We are going now to prove that if s > 2t and however we choose Wq, . . . , w t -\ in 
R \ n, two ideals in the following list are never isomorphic: 

4,i«o, 4,uii, • • • , 4— i,u) t _;L ■ 

We will need frequently in this section the following result proved in [2], Lemma 

4.5. 

Let i>i, . . . , Vh be a minimal system of generators of the maximal ideal n of R and 
let / be the ideal 

/ := ( v{Uj , Vj -v{,vl~ aviv 2 - uv s x ~ t+l , v\v 2 ) 

l<i<j<h 3<j<h 
(i,j)^(l,2) 

with a G R and u G R \ n. The elements Ur 1 , Ui^ 1 !]^ G R/I form a minimal basis 
of the ideal (n//)- 7 in the case 2 < j < t, while in the case t + 1 < j < s the ideal 
(n/J)- 7 is a principal ideal generated by vj° . Further n s+1 C /. 
Of course this means that 

av{ + bv 1 j ~ 1 v 2 G / + n j+1 =>• a, b G n if 2 < j < i , 
aw{ G / + n J+1 =>• a G n if t + 1 < j < s. 

Because of its relevance, it is perhaps useful to recall also the following notation 
already introduced in Section 2. If p > is an integer and z an invertible power 
series, we let 

^ p i z — ( *^ i *^ j i *^ j *^ 1 ? *^ 2 1 *^ 2 ^ ^ \ i *^ ^ *^ 2 ) • 

\<i<j<h 3<j<h 

(i,j)#(l,2) 
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Lemma 3.1. Let I := I PjZ and I := Yli=i a i x i, w ^h a, L G R. If s > t + 2 and 
I 2 e I + n 3 , then a 1 G n. 7/p = 0, then ai, a 2 G n. 

Proof. We denote by = congruence modulo the ideal / + n 3 . We have 

h h 

= I 2 = ^2 a2 j x2 j +2 ^2 cuajXiXj — ^2 a j x j + 2a\a 2 X\X 2 . 

3=1 l<i<j<h j=l 

Since s > t + 2, we get s — t+l>3so that rr 2 , = x{ +l x 2 . Further, for j > 3 we have 
a; 2 = 0, because x 2 = x{ and s > 3. 
Hence 

a\x\ + a2a;] )+1 a;2 + 2a\a 2 X\X 2 = a\x\ + X\X 2 [a 2 2 x\ + 2a\a 2 ) = 0. 

Now, if p > 0, then a 2 o; 2 + 2aia 2 Xia;2 G / + n 3 ; this implies a 2 G n and finally a x G n. 
If instead p = 0, then 

a 2 a; 2 + xia^a 2 , + 2aia 2 ) G / + n 3 
which implies a 2 , a 2 , + 2a\a 2 G n and thus ai,a 2 G n. 

□ 

As a consequence of this lemma, we can prove that in the case s > t + 2 and 
however we choose the units z and w in R, the ideal Io iW is not isomorphic to I PjZ 
when p > 0. 

Proposition 3.2. Lei s > t + 2 and p > 1. However we choose the units z and w 
in R, we have Io, w ^ I P ,z- 

Proof. By contradiction let us assume that Jo,w = <Py(I p ,z), where (y 1 , . . . ,yh) = n. 
This means that 

1 ■= io,w = ( ViVj , y) - yl y\ - y p i +1 y 2 - z{y)y[- t+ \ y \y 2 ). 

l<i<j<h 3<j<h 
(»,3)^(l,2) 

We have p > 1 and s > t + 2 so that p + 2 > 3 and s — t + 1 > 3. This implies 
y\ G i" + n 3 . Further, for every j > 3, y 2 G / + n s C / + n 3 , because s > 3. By the 
above Lemma, we get for every j > 2, 

h 

yj = ^2 c jiXi + dj 

i=3 

where d 3 - G n 2 . Then we get 

I + n 3 = ( y^- , y 2 ) + n 3 C ( Vl y 3 , yi y h) x iXj ) + n 3 . 

l<i<j<h 2<j<h 3<i<j<h 

(ij)#(l,2) 
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Let us consider the R/n- vector spaces 



V:={I + n 3 )/n 3 W := [{y m , y lVh , x iXj ) + n 3 ]/n 3 . 

3<i<j<h 



We have 



dirriH/n V < dim R/n W < h - 2 + 2 + 2 ^ = Q - 1. 

On the other hand n 3 C 7 + n 3 C n 2 C n C R so that dim(7 + n 3 )/n 3 = - 2. 

Since h > 2 we get a contradiction. □ 

We are going now to prove that if s > 2t the ideals Ii )Wl , 7 2)W2 , ■ ■ ■ , It-x,w t -\ are 
pairwise non isomorphic. In order to do that, we need some preparatory result. 

Lemma 3.3. Every monomial of degree t+1 in the variables xi, . . . , Xh is in I P)Z +x\ s , 
except possibly for 

Proof. Let 7 := I PjZ . Since XiXj G 7 if i < j and ^ (1,2), and x| G 7 + n s if 
3 < j < /i, we need only to consider monomials in x\,x%. Now we have x\x 2 G 7 
and then we can use descending induction to prove the result. So let < j < t — 1 
and x{ +1 x 2 3 G / + n s ; we need to prove that x{x 2 +1 J ' G 7 + n s . We denote by = 
congruence modulo the ideal 7 + n s . We have 

j t+l—j _ j t—l—j 2 
X-yX 2 — X-^X 2 

= x{x\- l -\x p l +l x 2 + zx{- t+1 ) 
= 

because x^~ t+3+ x l 2 ^~ G n s and, by induction, x{ + x^ G J + n s . The conclusion 
follows. □ 



Lemma 3.4. Let s > t + 2, r > 1 and I p>z = (p y (I r<w ) where (yi, . . . , y^) = n. Then 
we can write y 2 = cx s {~ 1 + d, with c G R and d G (x 2 , ■ ■ ■ , Xh). 

Proof. We let 7 := I P)Z ; hence 

I = ( ViVj , v) - yl, vl - y[ +1 V2 - w{y)yl- t+ \ y[y 2 ). 

l<i<j<h 3<j<h 

(i,j)#(l,2) 

For every j > 3 we have y| G 7 + n s C J + n 3 , because s > 3. Further y| G 
7 + n r+2 + n s_<+1 C 7 + n 3 , because r > 1 and s > t + 2. By Lemma 13.11 we have 
yj = J2i=i CjiXi with dji G n for every j > 2. 
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Since y±, . . . , yu is a minimal system of generators for n, we must have y\ = ex±+f 
with e ^ n and / G (x 2 , ■ ■ ■ , x^). We can also write y 2 = ax\ + b with a E R and 

6 G (a?2, • • • , iCh). Now, if s = t + 2 we are done. Let s > t + 3 and by induction let 
y 2 = ax{ + b with b G (x 2 , ■ ■ ■ , x^) and 2 < j < s — t — 1. We claim that a G n and 
remark that this would imply the lemma. 

We have y\y 2 = (exi + f) t (ax{ +b) G I. By the above lemma we get e*ax* +: ' G 

7 + n s and since e is a unit, ax 1 ^ 3 G / + n s . Now, if also a is a unit, we would 
get x 1 ^ 3 G I + n s so that x* +;;+ G /. Since s > t + j + 1, this implies ij 6 J, a 
contradiction. □ 

We can prove now the main result of this section. 



Theorem 3.5. Let s > 2t and 1 < r < t — 2. If p > r and however we choose 
z,w ^ n, the ideals I P}Z and I TyW are never isomorphic. 

Proof. Let us assume by contradiction that / := I PtZ = <Py(I r>w ) where (yi, . . . , yh] = 
n. Then we have 

i = ( y&j , v) - yl, vl - y r i +1 yi - w{y)y[- t+1 , y \y 2 ). 

l<i<j<h 3<j<h 

By Lemma 13^0 we have y 2 = cxf - * + d with c G R and d G (x 2 , . . . , Xh), so that 

y\ = c 2 x\ {S - t] + 2cdx{- t + d 2 . 

Since s > 2t, we have s — t > t which implies dxf~* G /. Since t > r + 2, we get also 

2(s -t) > 2t > 2(r + 2) > r + 3 

which implies x 2 ^ ^ G n r+3 . Finally, since d G (x2, . . . ,Xh) and x 2 E I + n s for every 
j > 3, we get 

d 2 G (x 2 ,, . . . , x 2 h: XiXj ) C (x?,) + I + n s . 

2<i<j<h 

Now we remark that x\ G / + n p+2 + n s ~' +1 ; since s>2t, t + 1 > r + 3 and p > r+ 1, 
this implies X 2 . G / + n r+3 . Thus we get d 2 G / + n r+3 + n s C / + n r+3 because 
r + 3 < t + 1 < s. 

Putting all toghether, we get y 2 El + u r+3 ; from this we get 



r+3 



y^y 2 + W (y)yl-^eI + n r 

which implies y{ y 2 E I + n r+3 because s — t + 1 > r + 3. This is a contradiction 
because r + 2 <t. □ 
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4 The case (s,t) is not regular 



In this section we are dealing with the case when there exist an integer r such that 
< r < t — 2 and 2(r + 1) = s — t + 1. If this is the case, we say that the couple (s, t) 
is not regular. We have seen in Section 2 that when (s, t) is not regular we have the 
sporadic models Jo,i, . . . , I r -i,i, • • • , h-i,i and the one dimensional families 

{Ir,c}c£k*, {-7r,c+xi}c6fc*j • • • 5 {^ r . jC+a ;*-'— 2 }cefc* • 

We are going to prove that if s > 2t all the above ideals are pairwise non 
isomorphic. We first remark that, if s > 2t and 2(r+l) = s—t+1, then 2(r+l) > t+1 
so that 2r > t — 1 > 1. Hence in this section the integer r is a positive integer such 
that 1 < r < t - 2 and 2(r + 1) = s - t + 1. 

We need the following easy remarks concerning properties of the ideal I r ^ w when 
2(r + 1) = s - t + 1 and s > 2t. 

Lemma 4.1. Let s > 2t, 1 < r < t — 2, 2(r + 1) = s — t + 1 and w a imzt m i?. 
Further let = denote congruence modulo the ideal I rjW + n 3r+2 . 

a) Every monomial of degree r + 2 in the variables xi, . . . , Xh is in I r ^ w + n 3r+2 , 
except possibly for Xi +2 , Xi +1 x 2 . 

b) (E-=i^x t ) r+1 (Y,U*>iXi) = a\ +1 x r + l b 2 x 2 . 

c) (j2 h h ^ 2 — h2 " 2 

d) (Eti 

e) If ax[ +1 x 2 + bx\~ t+1 = 0, then a G + (x 2 , ...,x h ) and b G (scj) + 
(x 2 , • • . ,^). 



i=2 "l^l y — U 2 X 2- 



2(r+l) ^ 2(r+l) 2(r+l) 



Proof. For simplicity we denote by / the ideal I r ^ w . First we prove a). If j > 3 we have 
x 2 G 7 + n s C i+n 3r+2 because, since t > r + 1, we have s = 2(r + 1) +t — 1 > 3r + 2. 
On the other hand, XiXj G / for 1 < i < j < h and {i,j) ^ (1,2). Hence we need 
only to consider the monomials x{x 2 , x r i _1 x 2 , . . . , x 2 +2 . For every j = 0, . . . , r we 
have 

xr j 4 +2 = x r l - j x{(x\ +1 x 2 + wx\- t+l ) = xl r+1 - j xi +1 + wx{- t+1+r - j 4 = 

because the second addendum is a monomial of degree s — t + l + r = 3r + 2, the 
first is a monomial of degree 2(r + 1) = s — t + 1 > 2t — t+1 = t + 1 and as such, 
by Lemma l3~3l is in n s C n 3r+2 . 

It is clear that b) is an easy consequence of a), while c) is trivial. So, let us prove 
d). We have 2(r + 1) = s — t + 1 > t + 1, hence, by Lemma [3.31 all the addenda in 

(j2i=i a>iXi) , except possibly for x^ r+1 \ are in I + n s C I + n 3r+2 . 

We finally prove e). Let's write a = cx{ + d with d G (x 2 , . . . , Xh) and < j < 
t — r — 2. Then we have 

(cx{ + d)x\ +1 x 2 + bx[- t+1 = cx r 1 +1+j x 2 + dx\ +1 x 2 + bx{- t+1 0. 
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Now, by part a), we have 

dx r 1 +1 x 2 = (d 2 x 2 + ■■■ + d h x h )x\ +1 x 2 d 2 x\ +l x\ = 0. (2) 
From this it follows that 

cx r 1 +1+j x 2 G J + n 3r+2 + n s - t+1 CI + n r+j+3 

because 

r + j + 3<r + t- r-2 + 3 = t + l<s-t + l = 2r + 2<3r + 2. 

Since r + j + 2 < t, by ([Tj) this implies c G n, so that we can write a = cx{ +1 + d 
with d G (x 2 , . . . , Xh). Going on in this way, clearly we get the conclusion a G 
(x*f r_1 ) + (x 2 ,...,x h ). 

This enables us to write a = fx\~ r ~ 1 + g with g G (x 2 , . . . , Xh)- Then we have 

ax\ +l x 2 = (fx\- r - 1 + g)x\ +1 x 2 = fx\x 2 + x\ +l x 2 g S 0, 

because, as in (|2J), x[ + X2g G J + n 3r+2 . The assumption becames now = 0. 

Let's write 6 = focj + A; with < j < r — 1 and G (x 2 , . . . , x^). Since s — t+1 > t, 
we have kx{~ t+1 G I, which implies 

o = (/ixi + ^r t+1+i . 

This means /iXi - * -1-1 ^ G J + n 3r+2 ; now, since r > j + 1, we have 

3r + 2 > 2r + j + 3 = (s - t + 1 + j) + 1. 

Hence /iXi" m+i G J + n 3r+2 C J + n( s - t+1+ ^ +1 . Since s-t + l+j < s-t + l+r-1 = 
s — t + r < s, by ([TJ this implies /i G n. As before, going on in this way, we get the 
conclusion b G (a^) + (x 2 , . . . , Xh)- □ 

We are ready to prove the main result of this section. 



Theorem 4.2. Let (s,t) be a non regular couple and r the integer such that 1 < 
r < t — 2 and 2(r + 1) = s — t + 1. If s > 2t and I rz = <p y (I r)W ) with (yx, . . . , y^) = n, 
then z - w(y) G (x^' 1 ) + (x 2 , ...,x h ). 

Proof. We have 

I := I r>z = <py(l r , w ) = ( y l y j , ?/ 2 - yj, y 2 - y[ +1 y 2 - w(y)yl~ t+1 , y{y 2 ). 

l<i<j<h 3<j<h 

(ij)#(l,2) 

By Lemma [33] we have y 2 = ex* -4 + / with / G (x 2 , . . . , Xh). On the other hand, for 
every j = 1, . . . , h we have yj = Y$=i since n = (yi, . . . , j/^), the determinant 
of the matrix (a#) must be a unit in i?. 



15 



Now we have y\ G I + n r+2 + n s ~ t+1 C / + n 3 because, since r > 1, we have 
r+2 > 3 and s—t+l = 2r+2 > 4. Also, for every j > 3, we have y 2 G J+n s C J+n 3 , 
because s > 3. By Lemma 13.11 we have aji G n for every j > 2, so that an ^ n. 
Hence, we can simply write: 

l/i = axi + /, a ^ n, / G (a^, • • • , x h ). 

We have 

y\ - y[ +1 y2 - w(y)y{- t+l = (ex^ + ff - y[ +1 (e*r* + /) - w(y)yl~ t+l = 
= e 2 xf- l) + 2efxt t + f - ey^x^ - y[ +1 f - w{y)y[- t+1 G /. 

Now 

2(s - t) = 2(s - t + 1) - 2 = 4(r + 1) - 2 = 4r + 2 > 3r + 2, 

so that rr 2 ^ ^ G n 3r+2 . Also, since s — t >t and / G (x2, . . . , Xh), we have /x* - ' G J. 
Finally s-t + r + l = 2r + 2 + r = 3r + 2, so that G n 3r+2 . This implies 

that 

f-y^f-wiyjyr+'el + n 3 ^ 2 . 
Let's write / = J2j>2 bjXj] using b) in the above Lemma we get 

y r+if s a ^+i x ^+ift 2X2 mo d / + n 3r+2 . 

Using c) and d) we further get 

= y 2 ^ a 2 ^xf +1) mod / + n 3r+2 , 

f = b\x\ mod/ + n 3r+2 . 

It follows that 

6 2 x 2 - a r+l x\ +1 b 2 x 2 - w(y)a 2 ^xf r+1) G I + n 3r+2 . 
From this we get 

b 2 2 (x r 1 +1 x 2 + zx[- t+1 ) - a r+1 x\ +1 b 2 x 2 - w{y)a 2 ^xl (T+1) G / + n 3r+2 
and finally 

x[ +1 x 2 {b 2 2 - b 2 a r+1 ) + x[- t+1 {zb 2 2 - w{y)a 2 ^) G I + n 3r + 2 . 
By e) in the above Lemma, this implies 

'bl-b 2 a r+1 e(x t f r - 1 ) + {x 2 ,...,x h ) 
zb 2 -w(y)a 2 ^ G (x\) + (x 2 ,...,x h ). 
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Now, if &2 would be in n, then w(y)a 2( - r+1 ' ) G n, a contradiction because a,w(y) n. 
Hence 5 2 ^ n, so that 

6 2 -a r+1 G (xi- r - 1 ) + (x 2 ,...,x ft ) 

z(fe 2 - a r+1 )(6 2 + a r+1 ) + a^ r+1 \z - iu(y)) G (xj) + (x 2 , . . . , x h ), 
which implies 

z - w(y) G {x\- r ~ l ) + (x[) + {x 2 , ...,x h ). 

Since 2r + 1 = s — t > t, we have r > t — r — 1 and we get 

^ - w(y) G r ~ 1 ) + (x 2 , ...,x h ), 

as wanted. □ 

We are ready now to state and prove the classification result for Gorenstein 
almost stretched Artinian algebras of type (s, t) with the assumption s > 2t. 

Theorem 4.3. Let I be an ideal in R = k[[xi, . . . , Xh]] such that R/I is almost 
stretched and Gorenstein of type (s, t) with s > 2t. 

If (s, t) is regular, then I is isomorphic to one and only one of the following 
ideals: 

-^0,1' ^i,i> • • • > -4-1,1 

If (s, t) is not regular and r is the integer such that 2(r + 1) = s — t + 1, then I 
is isomorphic to one and only one of the following ideals: 



^0,1) ■ ■ ■ j 4-1,1) {Ir,c}cek* > {4,c+2i Jcek* > • • • ) {-^ riC + x *- r - 2 }cefe*) 4+1,1) • • • ) 4—1,1 

Proof. By Theorem 12. 81 we need only to prove the "only one" part of the statements. 
By Proposition 13.21 the ideal 7o,i is n °t isomorphic to any of the other ideals. By 
Theorem 13.51 the ideals J^i, J 2i i, . . . , 4-i,i are pairwise non isomorphic. This proves 
the result in the case the couple (s, t) is regular. 

Let us assume now that (s, t) is not regular and let r be the integer such that 
1 < r < t — 2 and 2(r + 1) = s — t + 1. By Theorem I3.5[ we need only to prove that 
however we choose two ideals in the list {4,c}csfc*, {4,c+xi}cefc*, • • • , {4, c +x-' 1 -''- 2 }cefc*, 
they are never isomorphic. 

Let z := c + x\, w := d + x\ with c,d G k* and l<i<j<t — r — 2. By 
contradiction, let us assume that I r}Z ~ I r}W ; this means that I rjZ = ipy(I r>w ) with 
(yi, . . . , yh) — ti. By Theorem 14.21 we get 

z - w(y) = c + x\-(d + y{) G (x\~ r_1 ) + (s 2 , • • • , x h ). 

Since t > r + 2, we get c — d G n which implies c = d, because c,d G k*. Thus we 
get Xi -j/j G (a^'^ 1 ) + (x 2 , . . . , a^) which implies z = j because i < j < t — r — 2. 
Hence z = w as required. 

In the same way we can prove that J rjC ~ I r ^ implies c = d and J riC ~ I rd+X j 
implies j = 0. The conclusion follows also in the case (s, t) is not a regular couple. 

□ 
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5 Examples and remarks 



1. Let us look at the Hilbert function {1, 3, 2, 2, 2, 1, 1, 1, 1}; this is of type s — 8, t — 
4 with h = 3. Since s — t + 1 = 5 the couple (8,4) is regular. The isomorphism 
classes are represented by the following ideals 

for n = 0, 1, 2, 3. Hence we have a finite number of isomorphism classes. 

2. If we consider the Hilbert function {1,2,2,2,1,1,1,} then h — 2, t — 3 and 
s = 6 = 2t. We have s — t + l= 4 = 2(1 + 1) so that the couple (6, 3) is not regular. 
The isomorphism classes are represented by the following ideals 

V = (y 2 ~ xy - x 4 , x 3 y), I 2 ,i = (y 2 - x 3 y - x 4 , x 3 y) 

and 

{h, c } C £k* = {{y 2 - x 2 y - cx 4 ,x 3 y)} cek *. 

This example has been studied in [2] with different methods. It is the first case 
where an infinite number of isomorphism classes arises, namely two sporadic models 
plus a one dimensional family. The understanding of this difficult example was the 
motivation of this work. Notice that the length is 

3. We can produce examples where there are several one dimensional families of 
models. Take the Hilbert function {1,2,2,2,2,2,1,1,1,1,1}; then h = 2, t = 5, 
s = 10 and the couple (10, 5) is not regular. The isomorphism classes are represented 
by the following ideals: 

(y 2 — x r+1 y — x 6 , x 5 y) for r = 0,1,3,4 
(y 2 — x 3 y — ex 6 , x 5 y) for c G k* 

(y 2 — x 3 y — cx 6 — x 7 , x 5 y) for c e k*. 

4. The above description of the isomorphism classes of almost stretched Gorenstein 
algebras with a given Hilbert function is no more available if we do not assume 
s > 2t. For example let t — 3, s — 5 and h = 2, corresponding to the Hilbert function 
{1, 2, 2, 2, 1, 1}. Then s = It — 1 and the couple (5, 3) is regular; nevertheless we can 
prove that J 2 ,i ~ thus contradicting the conclusion of Theorem 13.51 

We have / := I\ \ = (y 2 — x 2 y — x 3 , x 3 y) and ^2,1 = {y 2 ~ x 3 , x 3 y). Let us change 
the variable as follows: 

z = 9x + y 

w = —27y + xy + 9x 2 . 
We have n = (z, w) and the following congruences mod / hold true: 

2 rsj 4 2 2 rs_/ 5 3 rs_/ 5 3 rs_/ r\ 4 rs_/ / 2 1 3\2 rs_/ r\ 

xy = x , x y = x , y = x , xy =0, y = (x y + x ) =0. 
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From this we get 

w 3 = (-27y + xy + 9x 2 ) 3 ~ (-27) V + 3(-27) 2 9a; 5 ~ 

and 

w 2 - z 3 = (-27y + xy + 9x 2 ) 2 - (9x + yf ~ 0. 

This proves that / D (w 3 ,w 2 — z 3 ) = {w 2 — z 3 ,wz 3 ); by computing the Hilbert 
function of the last ideal we can see that 

/ = 7 1; i = {w 3 , w 2 - z 3 ) = </> {g>w} (I 2 ,i), 

as claimed. 

As a consequence we get that the family of ideals I such that R/I is Gorenstein 
with Hilbert fuction {1, 2, 2, 2, 1, 1} has two isomorphic classes, those corresponding 
to the following ideals: 

(y 2 -xy- x 3 , x 3 y) ~ (xy, y 4 - x 5 ), 

(y 3 , y 2 - x 3 ) = (x 3 y, y 2 - x 3 ) ~ (y 2 - x 2 y - x 3 , x 3 y). 

We need to remark that the isomorphism (y 2 — xy — x 3 , x 3 y) ~ (xy, y 4 — x 5 ) comes 
from the following easy claim: 

(x — y + xy)(y + x 2 + x 3 ) E (y 2 — xy — x 3 , x 3 y). 

5. The last remark is dealing with the case s — t + 1, which is far away from the 
basic assumption s > 2t which we used in the paper. The couple (t + l,t) is not 
regular, the critical value beeing r = 0. We are able to prove that every ideals I 
such that R/I is Gorenstein with Hilbert fuction {1, h, 2, 2, . . . , 2, 1} is isomorphic 
to one of the following ideals: 

It— 1,1 = ( XiXj , Xj Xi, X 2 Xi, X-±X2) 
l<i<j<h 3<j<h 

(i,jV(l,2) 

I n . — ( X{Xj , Xj %2 ^1 i ^1^2)5 ^ — 3, . . . , t 

l<i<j<h 3<j<h 
(iJ)^(l,2) 

(rv> rv> Of 2 1™^ r f <2 Of^ 1™ ^ 

l<i<j<h 3<j<h 
(i,jV(l,2) 

If £ > 4, we are not able to prove that these ideals are pairwise non isomorphic. 

The last two examples show that the problem of the classification up to ismor- 
phism of almost stretched Gorenstein algebras with a given Hilbert function becomes 
more difficult when s < 2t — 1. This is the reason why, at the moment, we really 
need the assumption s > 2t. 
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